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We introduce a class of brane-world models in which a single brane is embedded in an anti-de
Sitter spacetime containing a rotating (Kerr) black hole. In this Letter we consider the case of
slow rotation, calculating the metric and dynamics of the brane world to first order in the angular
momentum of the black hole. To this order we find that the cosmic fluid on the brane rotates
rigidly relative to a Robertson-Walker frame of reference, which in turn rotates rigidly relative to
the original Kerr-anti-de Sitter coordinate frame. Corrections to the Friedmann equations and the
shape of the brane occur only at higher order. We construct models for which the geometry on the
brane is either closed or open, but the open models are described only for small distances from the
rotation axis, and may very likely develop pathologies at larger distances.
PACS numbers: 11.25.-w, 11.25.Wx, 11.27.+d, 98.80.Jk
In recent years, there has been a great deal of interest
in studying the cosmology of universes with extra dimen-
sions [1, 2, 3]. The common feature of all these models
is the distinction of the observable universe (the brane
world) from the rest of the universe (the bulk). While
all the gauge fields with spin less than two are confined
to the brane, the gravitons can propagate into the bulk.
The cosmology of brane-world models is in general differ-
ent from standard Friedmann-Robertson-Walker (FRW)
cosmology, but if the bulk is anti-de Sitter space (AdS),
containing perhaps a Schwarzschild black hole, then the
cosmology is very similar to FRW at late times [4]. The
presence of a static black hole in the bulk shows up in the
modified Friedmann equation as “dark radiation” [5, 6, 7].
Though rotating black holes in higher dimensions [8] and
with asymptotic AdS behavior in four dimensions [9]
were studied many years ago, it was after the advent of
the AdS/CFT correspondence [10] that the properties of
Kerr-AdS black holes in higher dimensions were studied
in great detail [11, 12]. The purpose of this Letter is to
investigate the behavior of a brane world in the presence
of a bulk Kerr-AdS5 black hole in the slowly rotating
regime. In this five-dimensional spacetime the rotating
black hole can be characterized by two independent pro-
jections of the angular momentum, Jϕ, and, Jψ, but in
this Letter we consider only the case in which Jψ = 0,
with Jϕ ≡ j. The stationary axisymmetric metric for a
five-dimensional single-parameter Kerr black hole can be
written as
ds25 = −
∆r
ρ2
[
dT − k j
Ξk
S2k(θ) dϕ
]2
+
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2
+
∆θ S
2
k(θ)
ρ2
[
k2 j dT − (k
2 j2 + r2)
Ξk
dϕ
]2
+r2C2k(θ) dψ
2 , (1)
where
∆r = (k
2 j2ϕ + r
2)
(
k +
r2
ℓ2
)
− 2m,
ρ2 = r2 + k2 j2 C2k(θ) ,
Ξk = 1− k j
2
ℓ2
,
∆θ = 1− k j
2
ℓ2
C2k(θ) , (2)
and
Sk(θ) =
sin (
√
k θ)√
k
Ck(θ) =
dSk(θ)
dθ
= cos (
√
k θ) . (3)
The parameter m > 0 is related to the mass of the black
hole, j to the angular momentum for rotation in the ϕ
direction, ℓ2 = −6/Λ5 is the AdS5 length scale, where
Λ5 is the cosmological constant, and k is the curvature
parameter. A change in |k| with no change in the sign
of k can be compensated by a rescaling of r, θ, ψ, T , m,
and j, but a change in the sign of k results in a change
in the topology of the hypersurfaces of constant r and T .
Note that as k → 0, j completely disappears from the
metric, so there is no rotation in this limit. As far as
we know there is no solution that behaves smoothly as
k → 0 and which preserves a nontrivial effect of j. A
k = 0 solution with nontrivial j as a distinct case has
been described by Klemm [11]. The metric (1) for k = 1
was given by Hawking et al. [12].
We will confine our discussion to values of r that are
large enough to ensure that ∆r(r) > 0, and for k > 0 we
also require j2 < ℓ2/k to ensure that the metric has the
proper signature. With these restrictions, we can show
that the spacetime does not contain any closed timelike
or null curves. To see this, note that any closed curve can
2be parameterized by XA(λ), where XA ≡ (T, r, θ, ϕ, ψ)
and λ ∈ [0, 1] is a parameter, with dXA/dλ 6= 0 for all λ.
The curve must have a maximal value of T (λ), at which
dT/dλ = 0. At this point (dXA/dλ)2 contains only terms
proportional to dr2, dθ2, dψ2, and dϕ2, where the first 3
are manifestly positive. With some algebra the coefficient
of dϕ2 can be written as
gϕϕ =
S2k(θ)
Ξ2kρ
2
[
(r2 + k2j2)ρ2Ξk + 2mk
2j2S2k(θ)
]
, (4)
which is also positive. Thus (dXA/dλ)2 > 0, and there-
fore the curve cannot be timelike or null.
To study the dynamics of a brane world in this back-
ground, we simplify the problem by working perturba-
tively through first order in the rotation parameter j. In
this approximation the metric (1) may be written as
ds25 ≈ −Fk(r) dT 2 +
dr2
Fk(r)
+2 kj S2k(θ)Gk(r) dT dϕ+ r
2dΩ23 , (5)
where
Gk(r) = −2m
r2
+
r2
ℓ2
, Fk(r) = Gk(r) + k , (6)
and
dΩ23 = dθ
2 + S2k(θ) dϕ
2 + C2k(θ) dψ
2 . (7)
For k > 0 this linearization is valid throughout the man-
ifold, for sufficiently small j, but for k < 0 the unbound-
edness of S2k(θ) and C
2
k(θ) implies that for any j the
linearization will break down for sufficiently large θ.
Suppose that a brane is located at r = rb(T ), for some
function rb(T ), and that we construct a Z2-symmetric
spacetime consisting of the region r < rb(T ) of the
original Kerr-AdS metric (1), with the spacetime for
r > rb(T ) replaced by a mirror copy of the spacetime
for r < rb(T ). The position of the brane can be conve-
niently described by N(XA) = 0, where N = r − rb(T ).
The spacetime of the brane can be described in 4D coor-
dinates xµ ≡ (t, θ, ϕ, ψ), with an induced metric
ds24 = gAB
∂XA
∂xµ
∂XB
∂xν
dxµ dxν ≡ gAB QAµQBν dxµ dxν
≡ γµν dxµ dxν
= −dt2 + 2 jk S2k(θ)Gk(a)
(
dT
dt
)
dt dϕ+ a2 dΩ23 ,
(8)
where
dt =
[
Fk(a)− 1
Fk(a)
(
drb
dT
)2]1/2
dT , (9)
and the Robertson-Walker (RW) scale factor is given by
a(t) = rb
(
T (t)
)
. Using an overdot to denote a derivative
with respect to t, the above relation can be rewritten as
dT
dt
=
√
Fk(a) + a˙2
Fk(a)
. (10)
To first order in j, the metric (8) can be diagonalized
to give a Robertson-Walker metric by introducing a new
angular coordinate φ defined by
φ(ϕ, t) = ϕ−
∫ t
Ω(t′) dt′ , (11)
where
Ω(t) = −kj
[
Gk(a)
√
Fk(a) + a˙2
a2(t)Fk(a)
]
. (12)
Ω(t) is thus the angular velocity of the RW frame with
respect to the Kerr-AdS5 frame. In the RW coordinates
the metric is simply
ds24 = −dt2 + a2(t) dΩ′23 , (13)
where
dΩ′23 = dθ
2 + S2k(θ) dφ
2 + C2k(θ) dψ
2 . (14)
We can now study the dynamics of the brane through
the junction conditions on the brane. To this aim, one
needs to calculate the extrinsic curvature Kµν , which is
defined in terms of the normalized outward normal vector
nA =
N,A√
gBCN,BN,C
= −a˙ δA T +
√
Fk(a) + a˙2
Fk(a)
δA
r .
(15)
(We will use commas to denote coordinate derivatives,
and semicolons to denote covariant derivatives.) The ex-
trinsic curvature is defined by
Kµν ≡ nB;AQAµQBν , (16)
and to first order in j the nonzero components are found
to be
Ktt =
a√
Fk(a) +H2a2
(
H˙ +H2 +
1
ℓ2
+
2m
a4
)
,
Ktϕ = −4 kj mS2k(θ)/a3 ,
Kϕt = − kj
a3Fk(a)
[
a2Gk(a)H˙ − k
(
a2
ℓ2
+
2m
a2
)]
,
Kθθ = K
ϕ
ϕ = K
ψ
ψ =
√
Fk(a) +H2a2/a , (17)
where H ≡ a˙/a is the Hubble parameter on the brane.
The extrinsic curvature can be related to the energy mo-
mentum tensor Sµν(x) on the brane [15] through the
junction condition [13]. Assuming the Z2 symmetry on
3the brane, the junction condition with the sign appropri-
ate to keeping the region r < rb(T ) may be written as
Sµ ν =
2
κ25
[Kµ ν − δµ νK] , (18)
whereK = γµνKµν is the trace of the extrinsic curvature.
Straightforward calculation leads to
K =
a√
Fk(a) +H2a2
×
(
H˙ + 4H2 +
4
ℓ2
− 4m
a4
+
3k
a2
)
,
Stt = −6
√
Fk(a) +H2a2
κ25a
,
Stϕ = −8 kj m
κ25a
3
S2k(θ) ,
Sϕt = − 2kj
κ25a
3Fk(a)
[
a2Gk(a) H˙ − k
(
a2
ℓ2
+
2m
a2
)]
,
(19)
and finally
Sθθ = S
ϕ
ϕ = S
ψ
ψ = − 2a
κ25
√
Fk(a) +H2a2
×
(
H˙ + 3H2 +
3
ℓ2
− 2m
a4
+
2k
a2
)
. (20)
Now suppose that Sµν consists of two distinct parts,
namely,
Sµν = −λγµν + τµν , (21)
where λ is the tension of the brane and τµν is the energy-
momentum tensor of the matter fluid on the brane. If the
matter can be described as a perfect fluid, then
τµν = (ρm + pm)u
µ uν + pm δ
µ
ν , (22)
in which case Sµν has one eigenvector with eigenvalue
−(ρm+λ), and three degenerate eigenvectors with eigen-
value pm − λ. To linear order in j, Sµν as shown above
has exactly this pattern of eigenvalues, so we can treat
it as a perfect fluid. The eigenvalues (to this order) are
given by the diagonal elements, so we see immediately
that
ρm + λ = −Stt = 6
√
Fk(a) +H2a2
κ25a
, (23)
which with Eq. (6) can be rewritten as a generalized
Friedmann equation,
H2 =
1
3
(8πGNρm + Λ4) +
κ45
36
ρ2m −
k
a2
+
2m
a4
, (24)
where GN = λκ
4
5/(48π) and Λ4 =
1
2 (Λ5 +
1
6κ
4
5λ
2). To
this order j does not enter the Friedmann equation, so
the above equation is the standard one for brane-world
cosmology with a Schwarzschild black hole [5, 6, 7].
Similarly pm − λ is the 3-fold degenerate eigenvalue, so
pm − λ = Sθθ = Sϕϕ = Sψψ as given in Eq. (20). This
expression looks complicated, but with Eq. (23) it implies
that
ρm + pm = − 2a
κ25
√
Fk(a) +H2a2
(
H˙ − k
a2
+
4m
a4
)
,
(25)
which by using Eq. (23) again can be shown to be equiv-
alent to the standard energy conservation equation,
ρ˙m + 3H(ρm + pm) = 0 . (26)
The fluid velocity uµ is determined by the fact that it
is the eigenvector of Sµν with eigenvalue S
t
t. Although
the eigenvalue is not affected by j to first order, the eigen-
vector is affected, being given by uθ = uψ = 0, with
uϕ =
Sϕt
Stt − Sϕϕ u
t =
kj
√
Fk(a) +H2a2
a2
×
[
4m
a4H˙ − a2k + 4m −
Gk(a)
Fk(a)
]
ut . (27)
Since uϕ/ut = dϕ/dt is a function only of t, the above
equation describes rigid rotation, in which all points
move with the same angular velocity.
Eq. (27) shows that the cosmic fluid is rotating rigidly
with respect to the Kerr-AdS5 frame of reference, but
observers on the brane would have no way of measuring
this quantity. We can, however, transform this result to
the RW frame defined by Eq. (11), which implies that
dφ
dt
=
dϕ
dt
− Ω(t) = 4 kj m
√
Fk(a) +H2a2
a6
(
H˙ − ka2 + 4ma4
) . (28)
Since the galaxies would on average be comoving with
the cosmic fluid, the angular velocity given above would
be directly measurable as an apparent rotation of the
distant galaxies relative to the locally inertial (RW) frame
of reference.
To observers on the brane, the rotation of the distant
galaxies relative to the RW frame would be interpreted
as a clear violation not only of Mach’s principle, but also
the Einstein equations, since in this frame the Einstein
tensor is diagonal but the energy-momentum tensor is
not. In brane-world cosmology the Einstein equations
are in general modified [14] by nonlinear terms and by
adding to 8πGNτµν the term −Eµν , where
Eµν ≡ (5)CABCD nA nC QBµQDν , (29)
and (5)CABCD is the 5-dimensional Weyl tensor. To low-
est order in j, the nonzero components of Eµν in the RW
4frame (with sign conventions of Ref. [14]) are given by
Eττ =
3Eθθ
a2
=
3Eφφ
a2S2k(θ)
=
3Eψψ
a2C2k(θ)
= −6m
a4
Eφτ = Eτφ =
8kjm
√
Fk(a) +H2a2
a4
S2k(θ) . (30)
Thus, the diagonal entries of Eµν are responsible for the
“dark radiation”, and the off-diagonal entries are respon-
sible for what might be called “dark angular momentum”.
In the RW frame this “dark angular momentum” cancels
the physical angular momentum, so the metric can re-
main isotropic.
Eq. (28) expresses dφ/dt in terms of the kinematical
quantities H and H˙ , but we can also express the result
in terms of ρ and p. By combining Eqs. (25) and (28),
one has
dφ
dt
= − 8 kj m
κ25a
5(ρm + pm)
. (31)
In this form we can tell how the rotational velocity of the
universe would vary with time. The quantity ρm + pm
would in most situations be dominated by either radia-
tion or nonrelativistic matter, since a cosmological con-
stant would make no contribution. In the former case
dφ/dt falls off as 1/a, and in the latter it falls off as 1/a2.
Thus the rotation would be strongly suppressed by infla-
tion, during which a would grow by many orders of mag-
nitude. Nonetheless, in models with minimal inflation
and large initial angular momenta, it is not impossible
for the universe to have an observable rotation rate in
the present era.
Finally, to verify the properties of the rotation in
a manifestly coordinate-invariant way, we calculate the
vorticity and the shear of the fluid velocity. The vorticity
and the shear are defined in terms of θαβ ≡ uµ;νqµαqνβ ,
where qµν ≡ γµν+uµuν is the projection tensor orthogo-
nal to the four-velocity uµ. The vorticity is the antisym-
metric part, ωαβ ≡ θ[α,β] and ω2 ≡ 12ωαβωαβ. The shear
is the traceless symmetric part, σαβ ≡ θ(α,γ) − 13qαβθγγ ,
with σ2 ≡ 12σαβ σαβ . To evaluate these quantities, one
first normalizes the velocity vector described in Eq. (27),
which to lowest order requires ut = 1. Lowering the index
using γµν then gives uθ = uψ = 0, ut = −1, and
uϕ = − 8 kj m
κ25 a
3 (ρm + pm)
S2k(θ) , (32)
where we again used Eq. (25). One then finds that the
shear vanishes identically, as expected for rigid rotation,
and the vorticity has the nonzero components
ωθϕ = −ωϕθ = 8 k j m
κ25 a
3(ρm + pm)
Sk(θ)Ck(θ) +O(j2) ,
(33)
giving
ω2 =
64j2k2m2
κ45a
10(ρm + pm)2
C2k(θ) +O(j3) . (34)
Note that ω2 can be written as ω2 = (dφ/dt)2C2k(θ),
where dφ/dt was given in Eq. (31). Thus, in the vicinity
of the axis of rotation, the vorticity is just the square of
the angular velocity relative to the locally inertial frame,
as one would expect from Newtonian physics.
The main result of this paper is that a brane-world
spacetime with a Kerr-AdS5 black hole in the bulk pro-
vides a very simple model of a universe exhibiting global
rotation: if the angular momentum is small, the matter
in the brane world rotates rigidly relative to the inertial
frame of reference. It would be interesting to calculate
the implications of such a model for the cosmic back-
ground radiation. The rigid rotation is perfectly consis-
tent for a closed brane universe, but for an open brane
universe such rigid rotation would lead at large distances
(large θ) to spacelike velocities. Our linearized approx-
imation would break down at such large distances, but
we do not know if a consistent model can be constructed.
These and other issues are under investigation.
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